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In this paper we revisited phenomenological potentials. We studied S-wave heavy quarkonium
spectra by two potential models. The first one is power potential and the second one is logarithmic
potential. We calculated spin averaged masses, hyperfine splittings, decay constants, leptonic decay
widhts, two-photon and two-gluon decay widths and some allowed M1 transitions. We studied
ground and 4 radially excited S-wave charmonium and bottomonium states via solving nonrelativistic
Schro¨dinger equation. Although the potentials were studied in this paper is not directly QCD
motivated potential, obtained results are agree well with experimental data and other theoretical
studies.
I. INTRODUCTION
Quarkonium is the bound state of a quark and antiquark by the strong interaction. Excluding top quark t, the rest
of the quarks b, c, u, d, s can make quarkonium states. Large masses of b and c quarks comparing to others deserve
additional interest since experimentally bb¯ and cc¯ systems give fruitful data in the experiments.
Study of mesons composed of a heavy quark and antiquark gives a good basis for understanding of QCD dynamics.
Discoveries of cc¯, bb¯, cb¯ and sb¯ systems provides quantitative tests for high energy physics. Heavy quarkonium spectra
is very rich in its own basis due to presenting some puzzles. In the last decade experimental data of Belle, BaBar,
BESIII, LHCb, CDF and other collaborations came up with interesting results for hadron physics. Emerging of
so-called exotic states presented some puzzles for hadron spectroscopy. These states cannot be identified easily by the
conventional quark model, i.e., they are not made of quark-antiquark and three quarks (or antiquark) scheme. The
milestone of this exotic states was X(3872). It was first observed by Belle Collaboration [1], then was confirmed by
D0 [2], CDF II [3] and BaBar [4] collaborations.
Threshold physics for quarkonium systems are very important to test QCD and its nature. Typically the threshold
for cc¯ system is roughly 3.71 GeV and for bb¯ system is 10.50 GeV. The physics is not so much clean but at least more
clearer for below than the above of threshold. The states below the threshold are generally narrow and decay to open-
flavour (non-zero flavour number) hadrons via electromagnetic and strong interactions. For above the open-flavour
threshold, states are not much narrow and decays are dominated by strong interactions. For example the so called
XY Z mesons all lie above the open charm threshold and physical observables such as masses have some puzzles [5].
Quarkonium spectrum can be studied by two approaches. The first one is stems from or better saying has an
analogy of quantum mechanical description for energy levels of an atom. In this approach a potential is used to
describe the formation of bound state. For light quarks with including relativistic effects and heavy quarks below
the open flavour threshold, this approach gives reliable results. But above the open flavour threshold bound state
formation is complicated in view of potential model as mentioned before. The second approach is to use the principles
of QCD.
QCD is thought to be the true theory of strong interactions. The reason for that is the coupling constant of QCD
is of the order 1 in lower energies, hence the truncation of the perturbative expansion can not be carried out. This
coupling constant can be viewed as a perturbation parameter. So that some non-perturbative methods emerge such
as QCD Sum Rules, lattice QCD and Effective Field Theories. These methods in general don’t need the shape of
potential, i.e. hadronization occurs without taking care of potential. In the case of heavy quarkonium systems, masses
of constituents quarks are much bigger than the QCD hadronization scale, mq >> ΛQCD, ΛQCD ≈ 200 MeV, so that
they can be studied via nonrelativistic Schro¨dinger equation with a phenomenological potential between the quark
and antiquark. The fundamental assumption of constituent quark model is that the quarks are non-relativistic objects
inside the hadron. For this reason, the total mass of a hadron is approximately equal to the sum of the masses of the
quarks that compose hadron. The so called ’constituent quark masses’ of quarks can be described as effective masses
that are chosen to fit the experimental results [32]. In constituent quark models and potential models quark masses
are treated to be as free parameters and they are determined by fitting to experimental results. Constituent quark
masses are generally larger than their pole masses.
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2The nature of quarkonium potentials are somehow not clear. qq¯ potentials cannot be derived from first principles of
QCD. Therefore there is no dominant potential which interpret quarkonium spectrum exactly. There are nonrelativistic
quark models [6, 7] and relativistic models [8–10] to study spectrum. A general review can be found in [11] and [12]
and references therein.
There are a couple of methods to study hadron spectrum. Among QCD Sum Rules and lattice QCD, quark
model has an advantage of studying excited states whereas QCD Sum Rules and lattice QCD focus on ground states.
QCD has two distinct features: asymptotic freedom and confinement. Hadronization occurs at large distances (lower
momenta) where nonperturbative methods work but at very short distances (higher momenta) in which for example
decay occurs, perturbative theory works. A potential must maintain this delicate balance between these two separate
region in order to produce spectrum. This can be accomplished by assuming that interactions between quarks form a
two body problem and they are heavy enough so that Schro¨dinger equation can be used. The consequences of these
two QCD features can be approximately modelled by Coulomb plus a linear potential, V (r) = − 1r + r. In Coulomb
part one-gluon-exchange is appropriate to consider physical phenomena whereas there is no consensus about the form
of linear part.
The other nonperturbative method is Effective Field Theory (EFT). In EFT focus on energy scales. Different scales
are factorized which enables to describe physical phenomena in a specific range in terms of degrees of freedom. One
have a potential which encodes the effect of degrees of freedom that can be extracted from QCD. These potentials can
be classified as phenomenological (non-QCD like) and QCD motivated (or QCD inpired) potentials. For example,
Logarithmic [35], Richardson [36], Buchmu¨ller-Tye [37] potentials are phenomenological spin-independent potentials
and the potential in [38] is spin-dependent and velocity-dependent.
There are many potential models to study heavy quarkonium spectra. In this work we used a power law potential
[13] and a logarithmic potential [14] to study s-wave heavy quarkonium. We generated s-wave charmonium and
bottomonium mass spectrum with the decays and M1 transitions. At section 2 we give out theoretical model. In
sections 3 and 4, we generate s-wave heavy quarkonium spectrum, decays and transitions. In last section we discuss
our results.
II. FORMULATION OF MODEL
The Hamiltonian we consider is
H = M +
p2
2µ
+ V (r) (1)
where M = mq +mq¯, p is the relative momentum, µ is the reduced mass and V (r) is the potential between quarks.
The spectrum can be obtained via solving Schro¨dinger equation
H |Ψn〉 = En|Ψn〉 (2)
with the harmonic oscillator wave function defined as
Ψnlm (r, θ, φ) = Rnl(r)Ylm(θ, φ). (3)
Here Rnl is the radial wave function given as
Rnl = Nnlr
le−νr
2
L
l+ 1
2
n−l
2
(
2νr2
)
(4)
with the associated Laguerre polynomials L
l+ 1
2
n−l
2
and the normalization constant
Nnl =
√√√√√2ν3
π
2(n−l
2
)!νl
(n+l
2
+ 1)!!
. (5)
Ylm(θ, φ) is the well known spherical harmonics.
Armed with these one can obtain spin averaged spectra with the given potential. To solve Schro¨dinger equation,
we used variational method. The procedure for this method is
E =
〈Ψ|H |Ψ〉
〈Ψ|Ψ〉
. (6)
3In Eqn. (4), ν is treated as a variational parameter and it is determined for each state by minimizing the expectation
value of the Hamiltonian.
In the following sections we study power law and logarithmic potentials in order to obtain full spectrum.
III. MASS SPECTRA OF POWER LAW AND LOGARITHMIC POTENTIALS
Power law potential is given by [15]
V (r) = −8.064 GeV + 6.898 GeV r0.1. (7)
The small power of r refer to a situation in which the spacing of energy levels is independent of the quark masses.
This situation is also valid for the purely logarithmic potential [16]
V (r) = −0.6635 GeV + 0.733 GeV Ln (r × 1 GeV). (8)
At first step we obtained spin averaged mass spectrum for cc¯ and bb¯ systems, respectively. The constituent quark
masses are mc = 1.8 GeV and mb = 5.174 GeV for power-law potential and mc = 1.5 GeV and mb = 4.906 GeV for
the logarithmic potential. Table I shows the charmonium spectrum and Table II shows for the bottomonium.
TABLE I: Spin-averaged mass spectrum of Charmonium (in MeV)
State Power Logarithmic [17] [18]
1S 3067 3067 3067 3117
2S 3701 3655 3667 3684
3S 4054 3980 4121 4078
4S 4306 4204 4513 4407
5S 4504 4376 4866
TABLE II: Spin-averaged mass spectrum of Bottomonium (in MeV)
State Power Logarithmic [17] [18]
1S 9473 9444 9443 9523
2S 10049 10033 9729 10035
3S 10384 10357 10312 10373
4S 10624 10581 10593
5S 10813 10753 10840
Many potential models used to describe quarkonium states tend to be similar. Generally they have a Coulomb like
term and a linear term. Maybe the most known is Cornell potential, V (r) = −ar+br where a and b are some parameters.
In this potential first term is responsible for one-gluon exchange and the second term is for confinement. The other
effects like relativistic or spin dependent interactions can be added to potential but most of them are considerably
small compared to Coulomb or linear terms. The potentials we consider here doesn’t have spin dependent terms.
A general potential usually include spin-spin interaction, spin-orbit interaction and tensor force terms. To obtain
whole picture, it is necessary to consider spin dependent terms within the potential. In this work we only take care
of spin-spin interaction, i.e. hyperfine splitting.
A. Spin-spin Interaction
Previous discussion of mass spectrum doesn’t include spin dependent effects so it fails to interpret spin splittings.
For example the mass splitting of ηc(1S) and J/ψ is ∆m = 114 MeV although they are the grounds states in l = 0.
Furthermore cc¯ quarks have s = 0 in ηc(1S) whereas they have s = 1 in J/ψ. The reason for this mass difference
is allegedly to be spin dependent interactions. Generically, these spin dependent interactions can be obtained by
considering nonrelativistic limit of Dirac equation.
In the spectroscopic language, qq¯ states are represented by JPC or atomic notation n2s+1Lj . n is the principal
quantum number, s is the total spin of quarkonium system, l is orbital angular momentum, j is the total angular
4momenta, P is the parity quantum number and C is the charge conjugate quantum number. For mesons, parity
number is given by P = (−1)L+1 and charge number is given by C = (−1)L+S where S is the total spin.
Quark potential model gives a good description of the spin-averaged mass spectrum of hadrons since they are
composite particles made up from quarks [33]. Mass splitting is closely connected with the Lorentz-structure of the
quark potential [34]. The origin of the spin-spin interaction term lies in the one-gluon exchange term which is related
to 1/r. Spin is proportional of the magnetic moment of a particle. Magnetic moments generate short range fields
∼ 1/r3. In the case of heavy quarkonium systems which are non-relativistic, wave functions of two particles overlap
in a significant amount. This means that particles are very close to each other. So spin-spin interactions play a
significant role in the dynamics.
The spin-spin interaction term of two particle can be written as
VSS(r) =
32παs
9mqmq¯
~Sq · ~Sq¯δ(~r). (9)
This term can explain S wave splittings and has no contribution to l 6= 0 states. Putting this term into Schro¨dinger
equation we get
EHF =
32παs
9mqmq¯
∫
d3rΨ⋆(~r)Ψ(~r)δ(~r)〈~Sq · ~Sq¯〉. (10)
Implementing Dirac-delta function property ∫
f(x)δ(x)dx = f(0),
we get
EHF =
32παs
9mqmq¯
|Ψ(0)|2〈~Sq · ~Sq¯〉. (11)
The matrix element of spin products can be obtained via
S1 · S2 =
1
2
(
S
2 − S21 − S
2
2
)
=
1
2
(
S(S + 1)−
3
2
)
so that
〈~Sq · ~Sq¯〉 =
{
1
4
, for ~S = 1
− 3
4
, for ~S = 0.
(12)
Therefore we obtain hyperfine splittings energy as
EHF =
{
8παs
9mqmq¯
|Ψ(0)|2, for ~S = 1
− 8παs
3mqmq¯
|Ψ(0)|2, for ~S = 0.
(13)
Here Ψ(0) is the wave function at the origin and can be obtained by the following relation
|Ψ(0)|2 =
µ
2πh¯
〈
dV (r)
dr
〉
. (14)
Expectation value is obtained by the wave function given in (3). S-wave charmonium and bottomonium masses can
be seen in Tables III and IV. In this calculation, αs is taken to be 0.37 for charmonium and 0.26 for bottomonium [17].
As can be seen from Tables III and IV, our results are compatible with both experimental and theoretical results.
5TABLE III: Charmonium mass spectrum (in MeV). In ref [22] LP denotes linear potential and SP denotes screened potential.
State Exp. [19] Power Logarithmic [20] [21] [22] LP [22] SP
ηc(1S) 2984 2980 2954 2979 2982 2983 2984
ηc(2S) 3639 3624 3555 3623 3630 3635 3637
ηc(3S) 3983 3887 3991 4043 4048 4004
ηc(4S) 4240 4117 4250 4384 4388 4264
ηc(5S) 4441 4294 4446 4690 4459
J/ψ 3097 3096 3104 3097 3090 3097 3097
ψ(2S) 3686 3727 3689 3673 3672 3679 3679
ψ(3S) 4040 4078 4011 4022 4072 4078 4030
ψ(4S) 4328 4233 4273 4406 4412 4281
ψ(5S) 4525 4403 4463 4711 4472
TABLE IV: Bottomonium mass spectrum (in MeV).
State Exp. [23] Power Logarithmic [24] [25] [26] [27]
ηb(1S) 9399 9452 9420 9389 9390 9402 9455
ηb(2S) 9999 10030 10011 9987 9990 9976 9990
ηb(3S) 10367 10338 10330 10326 10336 10330
ηb(4S) 10608 10562 10595 10584 10623
ηb(5S) 10798 10735 10817 10800 10869
Υ(1S) 9460 9480 9452 9460 9460 9465 9502
Υ(2S) 10023 10055 10040 10016 10015 10003 10015
Υ(3S) 10355 10393 10364 10351 10343 10354 10349
Υ(4S) 10579 10629 10588 10611 10597 10635 10607
Υ(5S) 10865 10818 10759 10831 10811 10878 10818
IV. DYNAMICAL PROPERTIES
A. Decay constants
Leptonic decay constants give information about short distance structure of hadrons. In the experiments this regime
is testable since the momentum transfer is very large. The pseudoscalar (fp) and the vector (fv) decay constants are
defined respectively through the matrix elements [18]
pµfp = i〈0|Ψ¯γ
µγ5Ψ|p〉 (15)
and
mvfvǫ
µ = 〈0|Ψ¯γµΨ|v〉. (16)
In the first relation, pµ is meson momentum and |p〉 is pseudoscalar meson state. In the second relation, mv is
mass, ǫµ is the polarization vector and |v〉 is the state vector of meson.
The matrix elements can be calculated by quark model wave function in the momentum space. The result is
fp =
√
3
mp
∫
d3k
(2π)3
√
1 +
mq
Ek
√
1 +
mq¯
Ek¯
(
1−
k2
(Ek +mq)(Ek¯ +mq¯)
)
φ(~k) (17)
for pseudoscalar meson and
fv =
√
3
mv
∫
d3k
(2π)3
√
1 +
mq
Ek
√
1 +
mq¯
Ek¯
(
1 +
k2
3(Ek +mq)(Ek¯ +mq¯)
)
φ(~k) (18)
for the vector meson [18].
In the nonrelativistic limit, these two equations take a simple form which is known to be Van Royen and Weisskopf
relation [28] for the meson decay constants
6f2p/v =
12|Ψp/v(0)|
2
mp/v
. (19)
The first order correction which is also known as QCD correction factor is given by
f¯2p/v =
12|Ψp/v(0)|
2
mp/v
C2(αs) (20)
where C(αs) is given by [29]
C(αs) = 1−
αs
π
(
∆p/v −
mq −mq¯
mq +mq¯
ln
mq
mq¯
)
(21)
where ∆p = 2 for pseudoscalar mesons and ∆v = 8/3 for vector mesons. Decay constants are given in Tables V
TABLE V: Pseudoscalar decay constants (in MeV).
State Exp. [23] Power fp Power f¯p Logarithmic fp Logarithmic f¯p [17] fp [17] f¯p [18]
ηc(1S) 335 ± 75 543 415 578 442 471 360 402
ηc(2S) 473 362 497 380 374 286 240
ηc(3S) 330 252 442 338 332 254 193
ηc(4S) 325 248 412 315 312 239
ηc(5S) 253 193 387 304
ηb(1S) 517 431 585 488 834 694 599
ηb(2S) 479 400 535 447 567 472 411
ηb(3S) 345 288 504 421 508 422 354
ηb(4S) 313 261 482 402 481 401
ηb(5S) 283 236 465 388
and VI
TABLE VI: Vector decay constants (in MeV).
State Exp. [23] Power fv Power f¯v Logarithmic fv Logarithmic f¯v [17] fp [17] f¯p [18]
J/ψ 335 ± 75 529 363 563 386 462 317 393
ψ(2S) 279 ± 8 463 318 487 334 369 253 293
ψ(3S) 174 ± 18 324 222 436 299 329 226 258
ψ(4S) 319 219 406 279 310 212
ψ(5S) 248 170 382 262 290 199
Υ(1S) 708 ± 8 516 402 584 455 831 645 665
Υ(2S) 482 ± 10 482 373 535 416 566 439 475
Υ(3S) 346 ± 50 350 269 504 393 507 393 418
Υ(4S) 325 ± 60 316 243 482 375 481 373 388
Υ(5S) 369 ± 93 285 222 464 362 458 356 367
B. Leptonic decay widths
Leptonic decay of a vector meson with JPC = 1−− quantum numbers can be pictured by the following annihilation
via a virtual photon
V (qq¯)→ γ → e+e−. (22)
7This state is neutral and in principle can decay into a different lepton pair rather than electron-positron pair. The
above amplitude can be calculated by the Van Royen and Weisskopf relation [11]
Γ(n3S1 → e
+e−) =
16πα2e2q|Ψ(0)|
2
m2n
× (1−
16αs
3π
+ · · · ) (23)
where α = 1
137
is the fine structure constant, eq is the quark charge, mn is the mass of n
3S1 state and |Ψp/v(0)| is the
wave function at the origin of initial state. The term in the parenthesis is the first order QCD correction factor while
· · · represents higher corrections. The obtained values for leptonic decay widths can be found in Tables VII and VIII
for charmonium and bottomonium, respectively.
TABLE VII: Charmonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are denoted
by Γl+l− and Γ
0
l+l−
.
Power Logarithmic [5] [17] Exp. [23]
State Γ0
l+l−
Γl+l− Γ
0
l+l−
Γl+l− Γ
0
l+l−
Γl+l− Γ
0
l+l−
Γl+l−
J/ψ 3.435 1.277 3.154 1.173 11.8 6.60 6.847 2.536 5.55 ± 0.14 ± 0.02
ψ(2S) 2.880 1.071 2.362 0.878 4.29 2.40 3.666 1.358 2.33 ± 0.07
ψ(3S) 2.153 0.800 1.888 0.702 2.53 1.42 2.597 0.962 0.86 ± 0.07
ψ(4S) 1.839 0.684 1.642 0.610 1.73 0.97 2.101 0.778 0.58 ± 0.07
ψ(5S) 1.590 0.591 1.551 0.576 1.25 0.70 1.710 0.633
TABLE VIII: Bottomonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are
denoted by Γl+l− and Γ
0
l+l−
.
Power Logarithmic [24] [17] Exp. [23]
State Γ0l+l− Γl+l− Γ
0
l+l− Γl+l− Γ
0
l+l− Γl+l− Γ
0
l+l− Γl+l−
Υ(1S) 0.817 0.456 0.847 0.473 2.31 1.60 1.809 0.998 1.340 ± 0.018
Υ(2S) 0.686 0.383 0.709 0.396 0.92 0.64 0.797 0.439 0.612 ± 0.011
Υ(3S) 0.610 0.340 0.630 0.352 0.64 0.44 0.618 0.341 0.443 ± 0.008
Υ(4S) 0.557 0.311 0.576 0.322 0.51 0.35 0.541 0.298 0.272 ± 0.029
Υ(5S) 0.526 0.294 0.535 0.299 0.42 0.29 0.481 0.265 0.31 ± 0.07
8C. Two-photon decay width
1S0 states with J
PC = 0−+ quantum number of charmonium and bottomonium can decay into two photons. In the
nonrelativistic limit, the decay width for 1S0 state can be written as [30]
Γ(1S0 → γγ) =
12πα2e4q|Ψ(0)|
2
m2q
× (1−
3.4αs
π
). (24)
The term in the paranthesis is the first order QCD radiative correction. The results are listed in Table IX.
TABLE IX: Two-photon decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γγγ
and Γ0γγ
Power Logarithmic [17] [8] [18] Exp. [23]
State Γ0γγ Γγγ Γ
0
γγ Γγγ Γ
0
γγ Γγγ Γγγ Γγγ
ηc(1S) 1.10 0.664 1.450 0.869 11.17 6.668 3.69 7.18 7.2 ± 0.7 ± 0.2
ηc(2S) 0.987 0.592 1.291 0.774 8.48 5.08 1.4 1.71
ηc(3S) 0.907 0.543 1.184 0.710 7.57 4.53 0.930 1.21
ηc(4S) 0.847 0.508 1.105 0.662 0.720
ηc(5S) 0.801 0.480 1.044 0.620
ηb(1S) 0.277 0.199 0.277 0.199 0.58 0.42 0.214 0.45
ηb(2S) 0.212 0.153 0.246 0.177 0.29 0.20 0.121 0.11
ηb(3S) 0.195 0.142 0.226 0.162 0.24 0.17 0.09 0.063
ηb(4S) 0.188 0.136 0.211 0.151 0.07
ηb(5S) 0.176 0.129 0.199 0.143
D. Two-gluon decay width
Two gluon decay width is given by [30]
Γ(1S0 → gg) =
8πα2s|Ψ(0)|
2
3m2q
×
{
(1 + 4.8αsπ) for ηc
(1 + 4.4αsπ) for ηb.
(25)
The terms in the paranthesis refer to QCD corrections. The obtained results are given in Table X.
TABLE X: Two-gluon decay widths (in MeV). The widths calculated with and without QCD corrections are denoted by Γgg
and Γ0gg
Power Logarithmic [17] [31] Exp. [23]
State Γ0gg Γgg Γ
0
gg Γgg Γ
0
gg Γgg Γ
0
gg Γgg
ηc(1S) 32.04 50.15 41.93 32.44 50.82 66.68 15.70 26.7 ± 3.0
ηc(2S) 28.55 44.70 37.32 24.64 38.61 5.08 8.10 14 ± 7
ηc(3S) 26.22 41.04 34.23 53.59 21.99
ηc(4S) 24.50 38.35 31.96 50.03
ηc(5S) 23.15 36.24 30.18 47.24
ηb(1S) 5.50 7.50 12.82 17.49 13.72 18.80 11.49
ηb(2S) 4.90 6.69 11.41 15.56 6.73 9.22 5.16
ηb(3S) 4.50 6.14 10.46 14.28 5.58 7.64 3.80
ηb(4S) 4.20 5.74 9.77 13.33
ηb(5S) 3.97 5.42 9.22 12.58
E. M1 transitions
M1 (magnetic dipole transition) decay widths can give more information about spin-singlet states. Moreover M1
transition rates show the validity of theory against experiment [21]. Magnetic transitions conserve both parity and
9orbital angular momentum of the initial and final states but in the M1 transitions the spin of the state changes. M1
width between two S wave states is given by [6]
Γ(n3S1 → n
′ 1S0 + γ) =
4αe2qE
3
γ
3m2q
(2Jf + 1)
× |〈f |j0(kr/2)|i〉|
2, (26)
where Eγ =
M2i −M
2
f
2Mi
is the photon energy and j0(x) is the zeroth-order spherical Bessel function. In the case of small
Eγ , spherical Bessel function j0(kr/2) tends to 1, j0(kr/2)→ 1. Thus transitions between the same principal quantum
numbers, n′ = n are favored and usually known to be ’allowed’. In the other case, when n′ 6= n the overlap integral
between initial and final state is 0 and generally designated as ’forbidden’ transitions. The obtained transition rates
for the ’allowed’ ones of s-wave charmonium and bottomonium states are given in Tables XI and XII, respectively.
TABLE XI: Radiative M1 decay widths of charmonium. In Ref. [22] LP stands for linear potential and SP stands for screened
potential.
Inıtial Final Power Logarithmic [17] [22] Exp. [23]
Eγ (MeV) Γ (keV) Eγ (MeV) Γ (keV) Γ (keV) ΓLP (keV) ΓSP (keV) Γ (keV)
J/ψ ηc(1S) 114.9 1.96 113.8 2.83 3.28 2.39 2.44 1.13 ± 0.35
ψ(2S) ηc(2S) 111.5 1.39 101.5 2.01 1.45 0.19 0.19
ψ(3S) ηc(3S) 93.8 1.10 93.8 1.59 0.051 0.088
ψ(4S) ηc(4S) 87.1 0.88 87.1 1.27
ψ(5S) ηc(5S) 83.2 0.74 83.2 1.10
TABLE XII: Radiative M1 decay widths of bottomonium.
Inıtial Final Power Logarithmic [9] [26] [27] Exp. [23]
Eγ (MeV) Γ (eV) Eγ (MeV) Γ (eV) Γ (eV) Γ (eV) Γ (eV) Γ (eV)
Υ(1S) ηb(1S) 27.9 0.88 31.9 1.46 5.8 10 9.34
Υ(2S) ηb(2S) 24.9 0.62 28.9 1.09 1.4 0.59 0.58
Υ(3S) ηb(3S) 25.9 0.54 25.9 0.78 0.8 0.25 0.66
Υ(4S) ηb(4S) 20.9 0.37 20.9 0.41
Υ(5S) ηb(5S) 19.9 0.32 19.9 0.35
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V. DISCUSSION AND CONCLUSION
In this paper, we have computed spin averaged masses, hyperfine splittings, decay constants, leptonic decay widths,
two photon and gluon decay widths and allowed M1 partial widths of S-wave heavy quarkonium states. Nonrelativistic
power and logarithmic potentials were used and compared with the experimental and theoretical studies.
Spin averaged mass give idea about the formulation of model since the results are close to experimental values since
contributions from spin dependent interactions are small compared to contribution from potential part. If one ignore
all spin dependent interactions, obtained results under this assumption is thought be averages over related spin states
for principal quantum number. Our results are in good agreement with pther studies.
Hyperfine splittings is suggestive for Lorentz nature of confining heavy qaurkonium potentials. Including hyperfine
splittings in the Hamiltonian, we obtained spectrum of both charmonium and bottomonium S-wave states. We calcu-
lated 5 states of heavy quarkonium by solving nonrelativistic Schro¨dinger equation with the harmonic oscillator wave
function. The spectra for both power and logarithmic potentials agree well with experimental and other theoretical
studies. The mass differences can be seen in XIII for charmonium and XIV, respectively.
TABLE XIII: Mass differences of S-wave charmonium states (in MeV).
State Exp. [19] Power Logarithmic [20] [21] [22] LP [22] SP
J/ψ-ηc(1S) 113 116 150 118 108 114 113
ψ(2S)-ηc(2S) 47 103 134 50 42 44 42
ψ(3S)-ηc(3S) 95 124 31 29 30 26
ψ(4S)-ηc(4S) 88 116 23 22 24 17
ψ(5S) - ηc(5S) 84 109 17 21 13
TABLE XIV: Mass differences of S-wave bottomonium states (in MeV).
State Exp. [23] Power Log [24] [25] [26] [27]
Υ(1S)-ηb(1S) 61 28 32 71 70 63 47
Υ(2S)-ηb(2S) 24 25 29 29 25 27 25
Υ(3S)-ηb(3S) 26 26 21 17 18 19
Υ(4S)-ηb(4S) 21 26 16 13 12
Υ(5S)-ηb(5S) 20 24 14 11 9
For charmonium case, mass difference for J/ψ-ηc(1S) agrees well with experimental data and theoretical results.
For other states, i.e. radially excited states, power and logarithmic mass differences are bigger than the others. In
case of bottomonium spectra, mass differences for all states are in good agreement with experimental results and
theoretical studies.
Decay constants, of pseudoscalar and vector heavy quarkonium states are studied via Van Royen–Weisskopf relation.
We got good results with experimental and theoretical studies within a few MeV. Including QCD corrrections, the
results better agree in some states such as J/ψ and ηc(1S).
Leptonic decay widths of vector states are calculated and the results including QCD correction are comparable with
experimental results. For some states such as J/ψ and Υ(1S), leptonic decay constants without QCD correction are
more close to experimental results. This could be related to short range phenomena of potential models.
Two-photon and two-gluon decay widths are also calculated within our formulation. For two-photon decay widhts,
our results except ηc(1S) are comparable with other results. This situation is more better for ground and radially
excites states in the case of two-gluon decay widhts.
Obtained results for radiative M1 transitions of S-wave charmonium and bottomonium states are compatible with
the other results.
To sum up, calculated results in this paper agree and quite agree well with experimental data and theoretical results.
We hope that our work for S-wave heavy quarkonium system with power and logarithmic potential will be useful in
the future studies. Different potential models can be studied also. We choose S-wave states since ground states and
radially excited states are accessible from other models such as QCD Sum Rules. To test various predictions from
11
current models, more data are necessary by forthcoming experiments.
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